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1 Introduction
The general equivalence problem is to recognize when two geometrical objects are mapped on
each other by a certain class of diffeomorphisms. E. Cartan developed the general equivalence
problem and provided a systematic procedure for determining the necessary and sufficient con-
dition [1, 2, 3]. Now we assume y = y(x) be a real function and give two third order ordinary
differential equation y′′′ = F (x, y, y′, y′′) and y¯′′′ = F¯ (x¯, y¯, y¯′, y¯′′). The equivalence problem is to
establish whether or not there exists a local transformation of variables of a suitable type that
transforms first into second equation. This problem involves a number of related problems such
as defining a class of transformations, finding invariants of these transformations, obtaining the
equivalence criteria and constructing the transformations. The main contribution to the issue
of point and contact geometry of third order ODEs was made by respectively E. Cartan and S.
-S. Chern in their classical papers [1, 2, 3] and [4]. One may consider equivalence with respect
to several types of transformations, for example Michal Godlinski was extensively studied on
contact, point and fibre-preserving transformations cases for third order ODEs, in his Ph.D.
thesis in [5].
But in this attempt we shall apply the equivariant moving frame method to solve the lo-
cal equivalence problem of third order differential equations under the pseudo-group of fiber
preserving transformations
X = ξ(x), U = ϕ(x, u). (1.1)
The theory of moving frames was primarily developed and formulated by E´lie Cartan, [6, 7], who
modeled it into an algorithmic tool for determining a generating set of the differential invariant
algebra of Lie pseudo-groups. The moving frame provides an effective means for determining
complete systems of differential invariants and invariant differential forms, classifying their syzy-
gies and recurrence relations, and solving equivalence and symmetry problems arising in a broad
range of applications, [8].
In [9], Fels and Olver suggested a new theoretical foundation to the method of moving frames.
Suppose a Lie group G acting on the n–th order jet space Jn of m-dimensional submanifolds of
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M is given. A moving frame is a G–equivariant section of the trivial bundle Jn×G −→ Jn. This
new concept of moving frames is now referred as the equivariant moving frame method. In the
finite-dimensional theory, [9], a moving frame is defined as an equivariant map Jn −→ G from an
open subset of the submanifold jet bundle to the Lie group. For Lie pseudo-groups, we define a
moving frame to be an equivariant section of a suitable bundleH(n) −→ Jn constructed from the
jets of pseudo-group transformations. For finite-dimensional Lie group actions, the existence of
a moving frame requires that the action be free, i.e., GS = {g ∈ G : g ·S = S} which denote the
isotropy subgroup of a subset S ⊂ M be trivial. Clearly, an infinite-dimensional pseudo-group
action never has trivial isotropy, and so we must modify the definition of freeness to require
that all elements of the isotropy sub-pseudo-group of a point in Jn have the same n–th order jet
as the identity diffeomorphism. Indeed, Freeness of a prolonged pseudo-group action does not
reduce to the usual freeness condition when the pseudo-group is a finite-dimensional Lie group.
Assuming freeness, one can construct the moving frame using Cartan normalization procedure
associated with a choice of local cross-section to the group orbits in Jn, [9, 10]. The moving
frame induces an invariantization process that canonically maps general differential functions
and differential forms on J∞ to their invariant counterparts.
New and significant applications of the equivariant moving frame method for infinite-dimensional
Lie pseudogroups actions appears in [11, 12, 13] by Olver and Pohjanpelto. There are some ap-
plications of this theory for infinite-dimensional Lie pseudo-groups in [14, 15].
After reviewing this theory, the method is illustrated for third order differential equations.
The theory of infinite-dimensional Lie pseudo-groups relies on the Cartan–Ka¨hler Theorem,
[16, 17], which requires analyticity. Thus, all our constructions and results hold in the analytic
category.
2 Structure Equations of Lie Pseudo-Groups
Throughout this paper,M will be an m-dimensional manifold and D = D(M) the pseudo-group
of all local analytic diffeomorphisms of M . A pseudo-group G ⊂ D is called regular of order
n⋆ ≥ 1 if, for all finite n ≥ n⋆, the n–jet of the transformations form an embedded subbundle
G(n) ⊂ D(n), and the projection pin+1n : G
(n+1) → G(n) is a surjective submersion. An analytic
pseudo- group G ⊂ D is called a Lie pseudo-group if G is regular of order n⋆ ≥ 1 and, moreover,
every local diffeomorphism ϕ of D satisfying jn⋆ϕ ⊂ G
(n⋆) belongs to the pseudo-group, i.e.
ϕ ∈ G.
In local coordinates, for n ≥ n⋆, the pseudo-group jet subbundle G(n) ⊂ D(n) is characterized
by an involutive system of nth order partial differential equations
F (n)(z, Z(n)) = 0, (2.1)
called the determining system of G, and a local diffeomorphism ϕ is in G if and only if its n–jet
is a solution of (2.1).
In local coordinates a vector field in X (M), the space of locally defined vector fields on M ,
is denote by
v =
m∑
a=1
ζa(z)
∂
∂za
, (2.2)
For 0 ≤ n ≤ ∞, let JnTM denote the bundle of nth order jets of sections of TM . Local
coordinates on JnTM are given by
(z, ζ(n)) = (za, ζaB), a = 1, . . . ,m, 0 ≤ #B ≤ n, (2.3)
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where ζaB represents the partial derivative ∂
#Bζa/∂zB . Let
L(n)(z, ζ(n)) =
m∑
b=1
∑
#A≤n
hAb (z)ζ
b
A = 0, (2.4)
be the linear system of partial differential equations obtained by linearizing the determining
system (2.1) at the identity n-jet 1(n) ∈ G(n). A vector field (2.2) is in the Lie algebra g of
infinitesimal generators of the Lie pseudo-group G if and only if its n-jet is a solution of (2.4).
The structure equations of an infinite-dimensional Lie pseudo-group G are obtained by com-
puting the structure equations of a G-invariant coframe. For the diffeomorphism pseudo-group
D an invariant coframe is given by the horizontal forms
σa = dMZ
a =
m∑
b=1
Zab dz
b, a = 1, . . . ,m, (2.5)
while
µa = dGZ
a = dZa −
m∑
b=1
zab dz
b, b = 1, . . . ,m, (2.6)
are the zero–th order invariant contact forms and the Maurer–Cartan forms
µbA, b = 1, . . . ,m, #A ≥ 0, (2.7)
on D∞. Writing the horizontal component of the exterior differential of a differential function
F : D(∞) → R in terms of the invariant horizontal coframe (2.5)
dMF =
m∑
a=1
(DZaF )σ
a, (2.8)
serves to define the dual invariant total differential equations
DZa =
m∑
b=1
wbaDzb , a = 1, . . . ,m, (2.9)
where (wba(z, Z
(1))) =
(
∂Zb/∂za
)−1
denotes the inverse Jacobian matrix.
Theorem 2.1. The structure equations of the diffeomorphism pseudo-group D(M) are
dσ =
m∑
b=1
µab ∧ σ
b, dµaC =
m∑
b=1
[
σb ∧ µaC,b +
∑
C=(A,B)
#B≥1
(
C
A
)
µaA,b ∧ µ
b
B
]
, (2.10)
where the last sum ranges over all multi-indices A, B such that #B ≥ 1, and their concatenation
equals the multi-index C where(
C
A
)
=
C!
A!B!
, when C = (A,B).
Proposition 2.2. Let G ⊂ D be a Lie pseudo-group. Once restricted to G∞ the Maurer–Cartan
forms (2.7) satisfy the linear relations
L(∞)(Z, µ(∞)) = 0, (2.11)
obtained by making the formal replacements za 7→ Za, ζaB 7→ µ
a
B in the infinitesimal determining
equations (2.4).
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Theorem 2.3. The structure equations of a Lie pseudo-group G ⊂ D are obtained by restricting
the structure equations (2.10) of the diffeomorphism pseudo-group to the kernel of (2.11).
We compute the structure equations of the Lie pseudo-group action
X = ξ(x), U = ϕ(x, u), P = (p ϕu + ϕx)/ξx,
Q =
[
ξxϕuup
2 − (ξxxϕu − 2ξxϕxu)p+ ϕuξxq − ξxxϕx + ξxϕxx
]
/ξ3x, (2.12)
R = −
[
− ξ2xϕuuup
3 + 3ξx(ξxxϕuu − ξxϕxuu)p
2 + (6ξxxξxϕxu + ξxxxξxϕu − 3ξ
2
xxϕu
−3ξ2xϕxxu)p+ 3ξx(ϕuξxx − ϕxuξx)q − 3ξ
2
xϕuupq − ϕuξ
2
xr + 3ξxxξxϕxx + ξxxxξxϕx
−ξ2xϕxxx − 3ξ
2
xxϕx
]
/ξ5x,
which is obtained from (1.1) by considering its third order prolongation. The determining
equations for the Lie pseudo-group action (2.12) are
Xu = Xp = Xq = Xr = 0, Up = Uq = Ur = 0, P = (p Uu + Ux)/Xx. (2.13)
To obtain the infinitesimal determining equations of the pseudo-group we linearize (2.12) at the
identity transformation. If an infinitesimal generator of the pseudo-group action is denoted by
v = α(x, u, p, q, r)
∂
∂x
+ β(x, u, p, q, r)
∂
∂u
+ γ(x, u, p, q, r)
∂
∂p
+ τ(x, u, p, q, r)
∂
∂q
+ς(x, u, p, q, r)
∂
∂r
, (2.14)
then the infinitesimal determining system is given by
αu = αp = αq = αr = 0, βp = βq = βr = 0,
γ = (βu − αx)p+ βx,
τ = βuup
2 + (2βxu − αxx)p+ (βu − 2αx)q + βxx, (2.15)
ς = βuuup
3 + 3βxuup
2 + (3βxxu − αxxx)p + 3(βxu − αxx)q + (βu − 3αx)r + 3βuupq + βxxx.
Using the propositionosition 2.1 we find the linear relations among the Maurer-Cartan forms
µxA, µ
u
A, µ
p
A, µ
q
A, µ
r
A and their prolongations by the following substituting
αA 7→ µ
x
A, βA 7→ µ
u
A, ηA 7→ µ
p
A, τA 7→ µ
q
A, ςA 7→ µ
r
A, (2.16)
in the infinitesimal determining equations (2.15) and then the lift of it gives the linear relations
µxU = µ
x
P = µ
x
Q = µ
x
R = 0 µ
u
P = µ
u
Q = µ
u
R = 0,
µp = P (µuU − µ
x
X) + µ
u
X ,
µq = µuUUP
2 + (2µuXU − µ
x
XX)P + (µ
u
U − 2µ
x
X)Q+ µ
u
XX , (2.17)
µr = µuUUUP
3 + 3µuXUUP
2 + (3µuXXU − µ
x
XXX)P + 3(µ
u
XU − µ
x
XX)Q
+(µuU − 3µ
x
X)R+ 3µ
u
UUPQ+ µ
u
XXX .
It follows that
µi = µ
x
Xi , µi,j = µ
u
U iXj , i, j ≥ 0, (2.18)
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is a basis of Maurer–Cartan forms for the pseudo-group action (2.12). To simplify the calculation,
we introduce the functions
δ(x, u, p) = pϕu + ϕx, ε(x) = ξxx/ξx,
ψ(x, u, p, q) = ξxϕuup
2 − (ξxxϕu − 2ξxϕxu)p+ ϕuξxq − ξxxϕx + ξxϕxx, (2.19)
χ(x, u, p, q, r) = −ξ2xϕuuup
3 + 3ξx(ξxxϕuu − ξxϕuu)p
2 + (6ξxxξxϕxu + ξxxxξxϕu − 3ξ
2
xxϕu
−3ξ2xϕxxu)p+ 3ξx(ϕuξxx − ϕxuξx)q − 3ξ
2
xϕuupq − ϕuξ
2
xr + 3ξxxξxϕxx + ξxxxξxϕx
−ξ2xϕxxx − 3ξ
2
xxϕx.
The horizontal forms of the pseudo-group action (2.12) are given by
σx = ξxdx, σ
u = ϕxdx+ ϕudu,
σp =
1
ξx
[(δx − δε)dx + δudu+ ϕudp],
σq =
1
ξ3x
[(ψx − 3ψε)dx + ψudu+ ψpdp+ ξxϕudq], (2.20)
σr = −
1
ξ5x
[(χx − 5χε)dx + χudu+ χpdp+ χqdq − ϕuξ
2
xdr]
Applying Theorem 2.3, the structure equations of the invariant horizontal coframe are
dσx = −dµx = µxX ∧ σ
x,
dσu = −dµu = µuX ∧ σ
x + µuU ∧ σ
u,
dσp = −dµp = µpX ∧ σ
x + µpU ∧ σ
u + µpP ∧ σ
p, (2.21)
dσq = −dµq = µqX ∧ σ
x + µqU ∧ σ
u + µqP ∧ σ
p + µqQ ∧ σ
q,
dσr = −dµr = µrX ∧ σ
x + µrU ∧ σ
u + µrP ∧ σ
p + µrQ ∧ σ
q + µrR ∧ σ
r.
where
µpX = P (µ
u
UX − µ
x
XX) + µ
u
XX , µ
p
U = Pµ
u
UU + µ
u
XU , µ
p
P = µ
u
U − µ
x
X ,
µqX = µ
u
UUXP
2 + (2µuXXU − µ
x
XXX)P + (µ
u
UX − 2µ
x
XX)Q+ µ
u
XXX ,
µqU = µ
u
UUUP
2 + 2µuXUUP + µ
u
UUQ+ µ
u
XXU ,
µqP = 2µ
u
UUP + 2µ
u
XU − µ
x
XX , µ
q
Q = µ
u
U − 2µ
u
XX ,
µrX = µ
u
UUUXP
3 + 3µuXXUUP
2 + (3µuXXXU − µ
x
XXXX)P + 3(µ
u
XXU − µ
x
XXX)Q (2.22)
+(µuUX − 3µ
x
XX)R + 3µ
u
UUXPQ+ µ
u
XXXX ,
µrU = µ
u
UUUUP
3 + 3µuXUUUP
2 + 3µuXXUUP + 3µ
u
XUUQ+ µ
u
UUR+ 3µ
u
UUUPQ+ µ
u
XXXU ,
µrP = 3µ
u
UUUP
2 + 6µuXUUP + 3µ
u
XXU − µ
x
XXX + 3µ
u
UUQ,
µrQ = 3(µ
u
UUP + µ
u
XU − µ
x
XX), µ
r
R = µ
u
U − 3µ
x
X .
Also, the structure equations for the basis of Maurer-Cartan forms (2.18) are
dµi = σ
x ∧ µi+1 +
∑
0≤a<i
(
i
a
)
µa+1 ∧ µi−a,
dµi,j = σ
x ∧ µi,j+1 + σ
u ∧ µi+1,j +
∑
0≤a<j
(
j
a
)
µi,a+1 ∧ µj−a. (2.23)
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3 Equivariant Moving Frames
For infinite-dimensional Lie pseudo-group actions, the equivariant moving frame construction
was first laid out in [11].
Let G be a Lie pseudo-group action on an m-dimensional manifold M and 1 ≤ p < m. For
each integer 0 ≤ n ≤ ∞, let Jn = Jn(M,p) denote the the extended jet bundle of equivalence
classes of p-dimensional submanifolds of M under nth order contact at a single point, [17]. For
k ≥ n, we use pikn : J
k → Jn to denote the canonical projection. Locally, the coordinates on
M can be written as z = (x, u) where x = (x1, . . . , xp) are considered to be the independent
variables parameterizing a submanifold S ⊂M and u = (u1, . . . , uq), q = m−p, the dependent
variables. The induced coordinates on Jn are denoted by z(n) = (x, u(n)), where z(n) denotes
the derivatives uαJ = ∂
#Juα/∂xJ of the u’s with respect to the x’s of order 0 ≤ #J ≤ n.
Let E(n) → Jn be the lifted bundle obtained by taking the pull-back bundle of E(n) →M via
the projection pin0 : J
n →M . Local coordinates on E(n) are given by (z(n), g(n)), where the base
coordinates z(n) = (x, u(n)) ∈ Jn are the submanifold jet coordinates and the fiber coordinates
g(n) parameterize the pseudo-group jets. The bundle E(n) carries the structure of a groupoid,
with source map σ(z(n), g(n)) = z(n) and target map τ(z(n), g(n)) = Z(n) = g(n) ·z(n) given by the
prolonged action. The local coordinate expressions for the prolonged action Z(n) are obtained
by implementing the chain rule. Suppose that the
dHX
i =
p∑
j=1
(DxjX
i)dxj , i = 1, . . . , p, (3.1)
be the lifted horizontal coframe on E(∞), where
Dxj =
∂
∂xj
+
q∑
α=1
∑
#J≥0
uαJ,j
∂
∂uαJ
, j = 1, . . . , p, (3.2)
are the total derivative operators on the submanifold jet bundle J∞. The lifted total differential
equations are defined by the formula
dHF (z
(n)) =
p∑
i=1
(Dxi)dx
i =
p∑
i=1
(DXiF )dHX
i. (3.3)
where
DXi =
p∑
i=1
W ji Dxi , (W
j
i ) = (DxiX
j)−1, (3.4)
Let G be a regular Lie pseudo-group acting onM . An n–th ordermoving frame is a G-equivariant
local section ρ(n) : Jn → E(n). A moving frame exists in a neighborhood of a jet z(n) if the action
is free and regular. Let Vn be the set of regular n–th order submanifold jets. A moving frame is
obtained by choosing a cross-section Kn to the pseudo-group orbits and normalizing the pseudo-
group parameters Maurer-Cartan forms.
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To obtain the prolonged action we apply the lifted total differential equations
DR =
ξ3x
ϕu
Dr, DQ =
1
ϕu
[
ξ2xDq +
χq
ξ3x
DR
]
,
DP =
1
ϕu
[
ξxDp −
ψp
ξ2x
DQ +
χp
ξ4x
DR
]
,
DU =
1
ϕu
[
Du −
δu
ξx
DP −
ψu
ξ3x
DQ +
χu
ξ5x
DR
]
,
DX =
1
ξx
[
Dx − ϕxDU −
(δx − δε
ξx
)
DP −
(ψx − 3ψε
ξ3x
)
DQ +
(χx − 5χε
ξ5x
)
DR
]
, (3.5)
to the lifted invariant (2.12). For instance, by applying the lifted total differential equations
(3.5) to the lifted invariant R yields the first order lifted differential invariants as follows
RQ = −
1
ϕuξ5x
[
3ξ3x(ϕuξxx − ϕxuξx − ξ
2
xϕuup)− ϕuξ
2
xrq +
χq
ξ3x
]
,
RP = −
1
ϕuξ4x
[
− ξ2x(3ϕuuup
2 + 3ϕxxu + 3ϕuuq + ϕurp) + 6ξx(ξxxϕuu − ξxϕuu)p
−3ξ2xxϕu + 6ξxxξxϕxu + ξxxxξxϕu −
ψp
ξ3x
RQ +
χp
ξ5x
]
, (3.6)
RU = −
1
ϕuξ5x
[
χu −
δu
ξx
RP −
ψu
ξ3x
RQ +
χu
ξ5x
]
,
RX = −
1
ξ6x
[
χx − ϕxRU −
(δx − δε
ξx
)
RP −
(ψx − 3ψε
ξ3x
)
RQ +
χx − 5χε
ξ5x
]
,
Differentiating (3.6) with respect to (3.5) yields the higher order lifted differential invariants.
Once a moving frame is obtained it is possible to systematically invariantize differential
functions, differential forms and differential equations. The space of differential forms on E(∞)
splits into
Ω∗ =
⊕
k,l
Ωk,l =
⊕
i,j,l
Ωi,j,l, (3.7)
where l indicates the number of Maurer–Cartan forms, and k = i + j the number of jet forms,
with i indicating the number of horizontal forms dxi, 1 ≤ i ≤ p, and j the number of basic
contact forms
θαJ = du
α
J −
p∑
i=1
uαJ,idx
i, α = 1, . . . , q, #J ≥ 0, (3.8)
on the extended submanifold jet bundle J∞. Let
Ω∗J =
⊕
k
Ωk,0 =
⊕
i,j
Ωi,j,0, (3.9)
denote the subspace of jet forms consisting of those differential forms containing no Maurer–
Cartan forms. Let piJ : Ω
∗ → Ω∗J be the natural projection that takes a differential form Ω on
E∞ to its jet component piJ(Ω) obtained by annihilating all Maurer–Cartan forms in Ω.
The lift of a differential form ω on J∞ is the jet form
λ(ω) = piJ [τ
∗(ω)]. (3.10)
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The lift of a vector jet coordinate ζbA is defined to be the Maurer–Cartan form µ
b
A
λ(ζbA) = µ
b
A b = 1, . . . ,m, #A ≥ 0.
Theorem 3.1. Let ω be a differential form on J∞. Then
d[λ(ω)] = λ[dω + v(∞)(ω)], (3.11)
where v(∞) is the vector field
v(∞) =
p∑
i=1
ξi(x, u)
∂
∂xi
+
q∑
α=1
∑
k=#J≥0
φα;J(x, u(k))
∂
∂uαJ
∈ g(∞), (3.12)
with φα;J defined recursively by the prolongation formula, [17],
φα;J,j = Dxjφ
α;J −
p∑
i=1
(Dxjξ
i)uαJ,i. (3.13)
In particular, the identity (3.11) applies to the lifted differential invariants Xi, ÛαJ leading to
dXi = ωi + µi, 1 ≤ i ≤ p, dÛαJ =
p∑
j=1
ÛαJ,jω
j + φ̂α;J , 1 ≤ α ≤ q, #J ≥ 0, (3.14)
where ωi = λ(dxi) for i = 1, . . . , p are the lifts of the jet forms, and φ̂α;J = λ(φα;J) are correction
terms obtained by lifting the prolonged vector field coefficients (3.13).
In our problem, we have the equalities
ωx = λ(dx) = σx, ωu = λ(du) = σu, ωp = λ(dp) = σp,
ωq = λ(dq) = σq, ωr = λ(dr) = σr, (3.15)
where the coordinate expressions for the horizontal forms are given in (2.11). To obtain the
correction terms in the recurrence relations (3.14) one needs to compute the prolongation of the
infinitesimal generator
v = α(x)
∂
∂x
+ β(x, u)
∂
∂u
+ [(βu − αx)p + βx]
∂
∂p
+ [βuup
2 + (2βxu − αxx)p+ (βu − 2αx)q
+βxx]
∂
∂q
+ [βuuup
3 + 3βxuup
2 + (3βxxu − αxxx)p+ 3(βxu − αxx)q + (βu − 3αx)r
+3βuupq + βxxx]
∂
∂r
, (3.16)
using the formula (3.13). Now we can use the recurrence relations (3.14) to investigate the
local equivalence problem for third order differential equations under the group of transforma-
tions (2.2). For this aim, firstly we construct a moving frame. This is done by determining a
cross-section to the equivalence pseudo-group action. Since there is a correspondence between
the normalization of the pseudo-group parameters and the normalization of the Maurer–Cartan
forms (2.9), the recurrence relations (3.14) can be used to find a cross-section. First, We re-
strict our attention to the zero-order lifted differential invariants and obtain, using (3.14), the
recurrence relations
dGX ≡ µ
x, dGU ≡ µ
u, dGP ≡ P (µ
u
U − µ
x
X) + µ
u
X ,
dGQ ≡ µ
u
UUP
2 + (2µuXU − µ
x
XX)P + (µ
u
U − 2µ
x
X)Q+ µ
u
XX , (3.17)
dGR ≡ µ
u
UUUP
3 + 3µuXUUP
2 + (3µuXXU − µ
x
XXX)P + 3(µ
u
XU − µ
x
XX)Q
+(µuU − 3µ
x
X)R+ 3µ
u
UUPQ+ µ
u
XXX ,
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where dG equals to piG ◦ d. Since the group differential of X,U,P,Q,R depend on the linearly
independent Maurer–Cartan forms µx, µu, µuX , µ
u
XX , µ
u
XXX respectively, it is possible to translate
X,U,P,Q and R to zero. Setting
X = U = P = Q = R = 0, (3.18)
leads to the normalizations
ωx ≡ −µx, ωu ≡ −µu, ωp ≡ −µuX , ω
q ≡ −µuXX . (3.19)
The group differential of the first order lifted invariants reduce to
dGRQ ≡ 3(µ
u
XU − µ
x
XX) + µ
x
XRQ + 3µ
u
UUP,
dGRP ≡ 3µ
u
UUUP
2 + 6µuXUUP + 3µ
u
XXU − µ
x
XXX + 3µ
u
UUQ− [2µ
u
UUP + 2µ
u
XU
−µxXX ]RQ − 2µ
x
XRP ,
dGRU ≡ µ
u
UUUUP
3 + 3µuXUUUP
2 + 3µuXXUUP + 3µ
u
XUUQ+ µ
u
UUR− 3µ
x
XRU
+3µuUUUPQ− (Pµ
u
UU + µ
u
XU )RP − [µ
u
UUUP
2 + 2µuXUUP + µ
u
UUQ]RQ, (3.20)
dGRX ≡ µ
u
XUUUP
3 + 3µuXXUUP
2 + (3µuXXXU − µ
x
XXXX)P + 3(µ
u
XXU − µ
x
XXX)Q
+(µuXU − 3µ
x
XX)R+ 3µ
u
XUUPQ+ µ
u
XXXX + (µ
u
U − 4µ
x
X)RX − µ
u
XRU
−[P (µuXU − µ
x
XX) + µ
u
XX ]RP − [µ
u
XUUP
2 + (2µuXXU − µ
x
XXX)P + (µ
u
XU − 2µ
x
XX)Q
+µxXXX ]RQ,
An admissible cross–section for (3.20) structure equations is given by
RP = RU = RX = 0, and RQ = 1. (3.21)
Substituting (3.21) into (3.20) leads to the following normalizations
µxXXX = µ
u
XXXX = µ
u
XXXU = 0, (mod ω
x, ωu, ωp, ωq). (3.22)
Using the prolongation formula (3.13) for the coefficients of a vector field, we can choose the
normalization equations
RXiP = RXiUj = 0, i, j ≥ 0, (3.23)
which cause to normalize the Maurer–Cartan forms µx
Xi+2
, µu
Xi+2Uj
.
The group differential of remaining unnormalized second order differential invariants are
dGRQQ ≡ −(3µ
x
X + µ
u
U)RQQ,
dGRPQ ≡ 3µ
u
UU + µ
u
XU − µ
u
URPQ − µ
u
XURQQ,
dGRUQ ≡ µ
u
UU − 3µ
x
XRUQ − µ
u
XURPQ,
dGRXQ ≡ (µ
u
U − 4µ
x
X)RXQ, (3.24)
dGRUP ≡ 3µ
u
XXUU − 2µ
u
XUU + (µ
u
U − 2µ
x
X)RUP − µ
u
XURPP − µ
u
XURUQ,
...
At this stage, we can put
RUQ = RUP = RPP = RXP = 0, and RPQ = RXQ = 1, (3.25)
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in (3.20) and normalize the Maurer–Cartan forms
µuXXUU = µ
u
XUU = 0, µ
x
XX = µ
u
XU = µ
u
UU , (mod ω
x, ωu, ωp, ωq). (3.26)
Considering the structure equations (3.24) and third order differential invariant
dGRXXQ ≡ µ
u
XU + µ
u
XURXQ − 3µ
x
XRXXQ − 2RXPQω
q, (3.27)
and using the cross–section (3.25), we obtain
µuUU ≡
1
3
[µuU + 2µ
u
XURQQ], µ
u
XU ≡ −
1
2
[3µxXRXXQ + 2RXPQω
q]. (3.28)
To obtain the structure equations of the prolonged coframe {ωx, ωu, ωp, ωq, µxX , µ
u
U , µ
u
XU}, we
substitute the expressions (3.28) into the structure equations (2.21) and the we have the following
results:
dωx ≡ µxX ∧ ω
x,
dωu ≡ ωx ∧ ωp + µuU ∧ ω
u,
dωp ≡ ωx ∧ ωq + µuXU ∧ ω
u + (µuU − µ
x
X) ∧ ω
p,
dωq ≡ µuXU ∧ ω
p + µuU ∧ ω
q,
dµxX ≡
3
2
RXXQµ
x
X ∧ ω
x −RXPQω
x ∧ ωq, (3.29)
dµuU ≡
3
2
RXXQµ
x
X ∧ ω
x −RXPQω
x ∧ ωq −
1
3
µuU ∧ µ
u −
2
3
RQQµXU ∧ ω
u,
dµuXU ≡ −
1
3
µuU ∧ ω
p −
2
3
RQQµ
u
XU ∧ ω
p +RXPQµ
x
X ∧ ω
q.
Further normalization of the Maurer–Cartan forms µxX , µ
u
U , µ
u
XU depends on the values of in-
variants RQQ, RXPQ, the Wunschmann invariant RXXQ. If the three invariants are equal to
zero then all higher order invariants are automatically zero. According to [5, 18], the necessary
and sufficient conditions for a third–order ODE to be linearizable by a fiber–preserving transfor-
mation is that RQQ = RXPQ = RXXQ = 0. If certain of the invariants RQQ, RXPQ, RXXQ are
non-zero then some of the Maurer–Cartan forms µxX , µ
u
U , µ
u
XU can be normalized, leading to the
different branches of the equivalence problem. In generic case RXPQRXXQ 6= 0, for example,
we can normalize all three Maurer–Cartan forms by setting RXPQ = RXXQ = 1 and RQQ = 0.
This yields
µxX ≡
1
6
[RXXXQω
x +RXXUQω
u +RXXPQω
p +RXXQQω
q],
µuU ≡ −
3
4
[RXXXQω
x +RXXUQω
u +RXXPQω
p + (RXXQQ + 2)ω
q], (3.30)
µuXU ≡ −
1
4
[RXXXQω
x +RXXUQω
u +RXXPQω
p + (RXXQQ + 2)ω
q].
Substituting the latter expressions into the structure equations of ωx, ωu, ωp, ωq in (3.29) we
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obtain
dωx ≡
1
6
[RXXUQω
u ∧ ωx +RXXPQω
p ∧ ωx +RXXQQω
q ∧ ωx],
dωu ≡ ωx ∧ ωp −
3
4
[RXXXQω
x ∧ ωu +RXXPQω
p ∧ ωu + (RXXQQ + 2)ω
q ∧ ωu],
dωp ≡ ωx ∧ ωq +
7RXXUQ − 3RXXPQ
12
ωp ∧ ωu −
RXXXQ
4
ωx ∧ ωu (3.31)
−
RXXQQ + 2
4
ωq ∧ ωu −
7RXXXQ
12
ωx ∧ ωp −
7RXXQQ + 18
12
ωq ∧ ωp,
dωq ≡
3RXXPQ −RXXQQ − 2
4
ωq ∧ ωp −
1
4
[RXXXQω
x ∧ ωp +RXXUQω
u ∧ ωp]
−
3
4
[RXXXQω
x ∧ ωq +RXXUQω
u ∧ ωq].
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